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We would like to use predicate calculus in the mathe-
metical theory of computation. In particular, we would lilke
to write formulas involving recursively defined predicates
and functions. The trouble is that recursively defined
prédicaﬁes are not guaranteed to be defined for all values
of thelr arguments, and therefore, it it not clear how to
interpret formulas involving them.

_ VWe shall give an interpretation of predicate calculus
formulas involving partial predicates and extend the notions
of truth, valid formula and tautology. We have three truth '
values, t for true, I for false, and u for undefined. The
well-formed formulas are the same as in predicate calculus
except that we have a new-propositional operator *defined by

¥t =t
*f = ¢
*u = £

w# shall call our system EFC.

The truth of a formula is determined from its constituents ~
ae followvs: :
1. An clementary form p(x,...,s5) is true, false or

undefined fcr each set of values of X,...,3.




2. The truth values of propositlional combinations is
determined by the truth-tables. .

ar | 7 | *u
t iy t
£l t| ¢t
u u( f

7P| wWAP| wVPp |wsp| w=p
tt t t t t
tf £ t f £
tu u t u u
ft £ t t £
ey f £ t t
fu by u t u
ut u - u u u
uf u u u u
uu u u u u

The truth values of the last two.are in accordance with the -
definitions . '

7op = w Ve .

= p = {vop)A (p>w)

where » is used in its ordinary sens€ as a meta mathematical
symbol. They are the same as the conditional expression
definitions of [1}. As explained in that paper the non-
commutativity of w A p and w v p arises from the convention
that w is evaluated first, so that i1f r 1s false, p need not
be evaluated to get wA Q.

3. \y/x. w{x) 1s true if %{x) is true for all X, undefined
if r{xj is undefined for some x and false otherwise.

L, Elx. wix} 1s true if w+(x) is true for some x and is
defined for all x, undefined if #(x) 1s undefined for some X,
and false otherwise. V

If we consider formulas with no quantifiers we get. an
extended proposlitional calculus EPC. A formules is called a




(j tautology 1f 1t 1s true for all values of its arguments,
Ordinary tautologles are not tautologles of EPC since they
are undefined if all the propositional variables are un-
defined., However, if i is an ordinary tautology, then
*wrow is a tautology of EPC so that formulas like

*{po{a>p)} > (p>(a>p))
are tautologies. Whether a formula is a tautology can be

determined by truth tables.

The equivalence of two formulas ¥ and p is not
expressed by v =p being a tautology, e.g. p= p is not
a tautology. Therefore, we define

r=p » (Fw=*pinirvo{r=p)]

@fj/ and v = o does express the equivalenge of v and p. This
' is the strong equivalence of [1]. The weak equivalence of
that paper 1is written

W=y 0 » FrAFPD = p

wihere ¥ and p do not involve *, .

The followlng formulas are all tautologies

*(pAq) = *pA(p>* 1)
*(pVva) = *pA(Tpd*9)
#{p=q) = wpA¥*¥§
*lp = *p

*%p

*(p= )

The valid formulas of EFC in a doméin are those which are
. true for all assignments of partial'predicates‘to the predicate
éi:“, letters. Many qguestions about proof prpcedures for EFC are
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answered by a construction which gives for every formula
w of EFC a formula w,of FC(the usual predicate calculus)

H
such that # is valid in the domain if and only if Ty is
valid. Actually, we shall construct three formulas ¥y,

W, and s of ‘FC which are true when i 18 true, false, or

E>=4

undefined respectively. The construction is given by the
following table.

i ‘.'r'l. ' 7r2 1r3
PiX,...53) pl(X,...,z) pa(x,...,z) - p3(x,...,z)
—I v 1)'2 ’ 73’1 :’-3
g WV g L - f
wAp LA Py ToV (1791 p2) ':;'3\/( TN pB)
TN D ‘ riv(wgp,pl) | ToAPo ij(vz/\p3}
TP '5"2\/( TIA Pl} . 7"1/\ P2 7-'3\/( ES WA 93}
=0 { 3'"1/\!-’1)\/(7-(2/\92} (7"1/\ 92)\/( '5'2/\ pl} 7-"3\/ 93
\/ x.or Vx.g 3};.32)/\\;16('(11- ) Ex.v}
ua YT Ry .. o - .
3 x.% (ﬂx.,,l)A( \/x.“\zB) Vx.nz ax...B

¥y #2 and w3 wave the requffed properties is

ovvicus Ifrom the construction. This result shows that EFC

iz semi-decldable so that it should be possible to obtain

& complete set of axioms and rules of inference. The method

of semantic tableaux can ve applled directly to EFC, but,

acv legst in its most obvious form, it 1is impractical for all

amples because the number of cases that
increases rapidly.
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nhas to be considered

The choice of definitions o1 the guantilifiers reqguires
come explanation Qur choice has the d:’isadvantage that one
cannot prove o x 7:-'(x) simply by exhibiting an a such that
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w{a) since if some w(b} is undefined Bx'.?r(x) is
considered undefined. However, the qther possible
guangifiers are definable in termy of ours. For example,
we can define ' ' '

-

(€x.).7r(x) "E{X' *w(x)/\vr(#)- | .

which has the above mentioned property.



