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Abstract: This memo gives empirical 
justification for the 
assUl1lJ:Jtj.on that the number 
of bisections of an 
N x N (N even) checkerboard 
is a~proximately given by 
the binomial coefficient 

(! \ . 
'2 ) l1here 2A is the lellgth 

of the average bisecting cut. ~ 

The research reported here vIas snppo:-cted in :part, by the Advanced Research 
Projects Agency of the Office of the Secretary of De~ense (SD-183)~ 
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The Exhaustive Algorithm for Number of Bisections: 

Problem:· Find the number of' distinct.ly different 1-lays that e. checl~erboard 
may be divided (by continuously cutting along the edges of the 
inter:i.or squares) into t1-10 congruent halves. .A bisectj.on is 
distinc;:tly different froT!! another if it cannot. be derived from 
the otber by.a rotation about or a reflection througl; the center 
of t.he board. ~le ~!ill limit n to be even. 

J\s~'..mins that 't'le ~re int.erested only in paths symmetric about the 
origin leads t.o the i'OllOllillg algorithm for a total solution: 

1. Nunber the interior vertices as follo\Js:-

a) The center is 0 

b) The vertex adjacent to 0 to its right is 1, 
that to its right is 2, etc.) until n -1 

c) 

d.) 

e) 

"2 
The left most vertex of the rO\:i immediat.ely 
above 0 is numbered n, that to its right n -{-- 1 

"2 '2 
This process is continued until the rest of the 
uJ..per half of the board has been llumbered 

T'ne nli.mber of a lower he If vertex is the 
nega.tive of th,= nt:mbel' assigned to 'the vertex 
symmetrical to it throuel: the center of the 
board. 

lie nou generate all I.iOssibJ.e half l,aths starting from 0-1 with the 
i'ollol/ing restrictions: 

a) A half-path must go up before it goes down 

b) If a hall-path uses vertex m the full patb uses 
vertices ill a..nd -m 

cl A half-path may use a vertex one time at most.. It cannot 
use both vertices m and -TIt) 'Where m is nOll-zero. 

In the follo1-1ing: u is b il18...7 "lord 1-lhich describes the use of' the 
non-nega.t::.veverticesj !i is the current· vertex; x j.s the x-coordinate of 
t.he currellt verte::c. Fo!' example if a hali' path has proceeded as follo\-1s 
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Tbe nt.h bit. of u (G tarting from the right) is 1 If vertex n has -been 
used by the full peth. It is 0 o·cher,·1ise. 

Procedure Bisections en) to count number of bisections 

REAL PROCEDum~ C2(U,P,X); VALUE U,P,Xj REAL P,X; BOOLEA1'I Uj 

C2~ 

{IF X = BIGX THEN 1 

ELSE IF REAL (u AND L( [ABS(P'i~1)]) I 0 THEN 0 . 

EISE C2(U OR L[ABS(PH»),P+l,X+l» tf..o..v,l{~Lf] 
+ (IF P > BIGP THII!N 1 

ELSE IF REAL(U AND L[ABS(P-t·M)]) ~ 0 T:H"J1:N 0 

ELSE C2(U OR L[ABS{PH~)) ,Ij+M,X) 
r..f} . i (,LiJ-tJ ... ·1( 

+ (IF X :;: .. BIGX 'l1fIEN 1 

ELSE IF BllAL(U AND L(ABS(P-l)J) r 0 TF~ 0 

ELSE C2(U OR L[ABS(P-l») ,P-l,X-l» l L-·(~K ¥ } 
+ {IF P < -BIGP THEN 1 

ELSE IF RF..J\L (U .A1lD L[ABS(F-M)]) F 0 THEN 0 

ELSE C2(U OR L[ABS(F-M») ,P-M,X»; {L-'1.'t<. 'D~0 
REAL PROCEDURE Cl(U,X); VALUE U,X; BOOLEAN U; REAL X; 

Cl~ 

C2(U OR Lfx'~"M) ,X-:-£;l,X)+ 

(IF X = BIGX THEN 1 

ELSE Cl(U OR L[X +1] ,X+l)) i 
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REAL PRO.cEDURE BISECTI¢NS (N); VJlLiJE N; REAL l\f; 

BEGIN 

BOOLEAN ARRAY L[Oj N(N-2)/2]; 

INTEGER SIZE, BIGX, BIGP, M; 

M~N - 1; 

BIGP <-SIf.E - !tlj 

S:mE<-(N ... 2) I N DIV 2; 

BIGX(-- N DIV 2 ... I.; 

L[O] ~ TRUE; 

FOR I~ 0 STEP 1 UNTIL SIB]! 

DO L[ I +1] E-- BOOLEA~I{ 2XREAL( L[ I] ) ) ; 

BISECTI¢NS ~ Cl(BOOLEAN{3),1}; 

END .. 

~ Application of the exhat~tive algorithm to different boards yield9 
the following resu1ts:-

n 
1.1-

6 
8 

nwnber bisections 
6 
255 

92263 

Sta.tistics of values obtained dynamica.lly from the exhaustive 
algori thm ar~ as follm-ls ,\"li th 

E= 

L the length of pa.th 

Z the number of paths of length L" 

E the estimate of the total nluuber of paths 

paths. E L 

(number of vertices adjacent to vertex p 
unused by the full path) 

() standard deviaoGion of E 

A average path length 14 

binomial r.oefi'icient (A/2 ) B 

V true value for number of bisections 
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n L E er- A B V 

4 3·667 6 6. 

2 1 1 

3'. 2 6 0 E m 

4 1 12 

5 2 24 

6 9.667 252 255 

3 1 2 

4 3 16 

5 9 46 

r' 6 10 99 

7 21 255. 43. 99·79 E m 

8 21 581 

9 43 1343 

10 38 2658 

11 66 5588 

12 22 6523 

13 21 9590 



·-5·· 

~ n L J<- E (T' A B V 

8 18.89 92378 92263 

4 1 

5 4 

6 16. 

7 45 

8 72 

9 166 

10 239 

11 542 

12 768 

13 1114 92548 115294 <: E 
m 

14 2316 

" 15 4947 

16 5186 

11 10972 

18 9663-

19 '15563 

20 10337 

21 13822 

22 6363 

23 6603 

24 1434 

25 890 

rf' 



One can see close similarity bet\']een B, E" V :eor t.he midlel1gth ~a.th. 

f n-2)n . 4 . 

Each midlength pat:b passes through 1;2 of the vertices of the checkerboard D 

The large value for{) is caused by the fact that E is calculated from sums 
of :products of :pol-/ers of 2, 3, and 1. These powers must sum to M but tbere 
is Ii ttle else to restrict tbem. The following table 81.-01'18 tl:1e large 
variation in the individual factors. 

n -::: 4 

Factors: 6 

n = 6 

Factors: 

n = 8 

486 324 216 144 

Fact.ors: 354.,294 236,196 118,098 157 ,461~. 10'+,976 

69,984 52,}~88 46,656 34,992 31,104 26) 2J+.q· 23,328 

17,496 '15,552 13,824. 13,122 11,664 10,368 '"(,776 

Obtaining Estimates for 10 x 10 and 12 x 12 boards 
as ... ,.,..... .-.~~ __ ~.c;:::.~~ 

78 J 732 

20,736 

6,912 

On the assumption that tbere is Ii true correlatIon betl.Jeen B" V 
and E for the midlength path, I investigated the 10 x 10 a.nd 12 x 12 boerds. 

In an attempt, to investigate the paths in a random fasbion I used 
pseudo random numbers to obtain at each vertex the order in which looks in 
the foU+" d~rections 1-lere to be made. This vias done by randomly choosing one 
of the permutat.ions 01' the numbers 1, 2, 3, 4: e.g. if 4213 is chosen the 
order of looks is down) up, right., left.. This took care of all vertices aft,er 
the initial step up-wsxd. The rule I used for getting the initial step 
upward is that the probability a patL goes up initially at vertex i is: 

n-2 i 
2 2 -

n-t:: 

This is an unsophisticated guess given the empirical values: 

n P[l] j P[2] ; 

6 1",{0 85 
255 255' 

8 62362 19937 
922b3 ' '9-2263 
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r' n Number Paths Number Mic.1paths Ivlidpath Estimate -~ 

S !~o4 7 .. 75 x 104 19 

~ 404 9 .. .36 x 10
4 19 ~I 

8 4 1("' 303 6,,24 x 10 ~ 

d .303 
4 7,,22 x 10 19 

;j 303 
4 

10.,1+2 x 10 19 

0 303 
4 7 .. 86 x 10 1;; 

8 303 
4 6.35 x 10 19 

10 4400 2 .. 60 x 10 8 

10 4400 1 .. 81 x 108 

10 ~·400 
8 

2 .. 41 x 10 

10 138122 300 31:3 

r' 10 IhOOO ~) 31 .. 0 

10 IJ.~OOO 48 31.2 

10 2d203 41 28 .. 7 

10 28000 160 30 .. 9 

12 1800 
. 1 0 

5018 x lO-c 

12 4200 7 .. 33 x 1012 

12 4400 2096 x 10
12 

12 8800 9.79 x 10
12 

12 8800 2 .. 21 x 10 
12 

12 9200 4.60 x 1012 

12 60000 ~·o 46 .. 6 

12 60957 200 44 .. 9 

rr" l~ 60000 271 43,,9 

12 120000 1724 42.,0 
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f'J 
12 30000 41 4608 

12 30000 4 4905 

12 .15000 4 48 .. 6 

12 15000 32 4·4 .. 8 

12 60000 28 4406 



ResrJ:.ts"-.:fo:!." IiI 
i1:'Cy 1'101"~r. fOj: la:i:·ge~l."· rJ_ 

)3eC;':1Uf;it~ ~;:,11e :{'(::]oaC~ ·l~:L1J·€: :~:':;:'~;(i l::':;]].(:~;· ():E 
tl"~8 a;~G~:'flg3' ,];.,(!.t,h lelltr~h J~ '\,J20 nrrc .;.!(Y:~'1il'.t86.. CO:Q.C:1;'.:l:'!X!l1t.ly 

lC/1·,:··c,Le {!0U11jU-cai;ioll O'r' 

~'J J.:~h t',"!;e ;:lidlej:l[~th 
est:Ll!lf:j~e. D8te:!:minf~:Gi.on o~:' 'lihe li:i.·ijt:,~2~ '\!(~S i:1~d~ (;O:·:-!:r:('~J.>\:l'i~:i.:f;e:t:y" ~~f·:ficie:nt. by 
·t.e·~:l:!:~nc~t:Lrl€~. 

r!li{i.len8th. 

nn~lsutt6 
of f~ ;~ '100 and an 

~I'~'!"\r)"l"h 1"~"'··~:~-··,e r-:"t"e':";:'L"e''''' ';""1"1:>''''''' .l'''ne --"'-1:; -'.,- ."/~",·I ..... , ... t,::.. t.,.i, ... ~ ,U.iU.L \J 

fo!: W ~ lQ i.l'ldi(!2."t~e ~, Ei£:lcD.[f('\ 
~:nr0J~~1::e ~'8:(:.1·~le:='s~i~h ~(r ~b(ju't, )1.' 

HeSi.iJ.tr;i for H. u: 12 .s.h;,:),;·; (;ollfJ:i.;j.e.J."~1ble vOJ:':~,t=!:i:.:i,on in both ·t,h~ mj.dleng-r;h 
e~1"ijim.~1te bnc1 the a,h~~":~ge .p,,.l:r::,h lerigtb" : ·no~.](7\re1.' t·hcx'c ~rl;:i).]: &l;:pe~~!'s to 1::e 
cox'X'eJ.at,i.on hetlveen. tbe ·wj.dle1Jfrl~h ~eG:~~j.1:!i:lt~ 8ud "(,h~; bil'J.omtc.l es·C1.matie.. The 
1'(;tGgC of' v::J.ues for both J.3 ClJ:m.;'X}t j.0.ent,:~cD.l: 

'2 .. 1 ~l.nCt 

G011.clusiO:L!, 

'n 

Di.l.o 
' . ... : 

....... -:'\ 

, 'l~ 3- ::~ 10-'··..;> 

11) 
:.Lli -t·Ile ~~8.~~g·a 5 ~: l('-"~ I) 

"." 

. !+':q~6 .1i'"~vr~:·:r~~.g:~ti::.:::! btu;; ,Be:;;n. :QUl'cJ.y 6rr~i;;:1.!'ic81.~ \,:u:.(t tbe2'c J.n no 
th~ol'e-c.:i.cal.1ja.ckllP Of'~~3.1t~ ~CCD :.~J.tfJ. 1I()":·:·,;;v("::i.~; f';~(;"~l "Lhe drrte. ·ODtHii.i.:::!d 'c.he:n:: (ioes 
"i;e::;!ll '(,0 'be }a·:i.l~ ·jUGt.J.:e:1.(;[;:Gi0n for ·the ·c:~n:.cJ:!-1sio!.\ tj."!e'G '(.],;e I1!ir.11e!Jgth eS'i:.:J.n!nte 
~i,;:!.elds . x'€:s·,.,J_ ts" .r(::m2l"lt0.\)J.:~t /::~ :i.m:JJ.t ... :::- -['0 tb:~ 1:. :lno~·~l:tcl (:)f;: tirr..at:e j.l'::volv:t!J{j 'i~he 

.: ...., - ! 'f •• -, 'I 1 ., ,I" • • 1 ~ • - ,.. . .. 
D""eyu:lr~0 -1"'Ot'" !·r"'·nrr','1 I:;' C'l-(,',::··,· en t.n-:'F,'F: ·(.·~·:"i C-:"rn ·"e C;\"''\''j7'1 "l-:')eC\~·'~"l'cal1-I.T -r,P '''e 

' • • ~.I ... "t!l:. .., 1.:- 'T''''-·~ '/4 .. V ,... • • .• _......... .... ,... ..... \e..- .. ~-- \,... • \. ......... "'" '- ............ ...... I ...... J' 0 .. ", "'" '._ _ __ ,) .. ;,I JoJ 

goqrJ. aI:rJ!ro?:j-:mnt.~t.ons to tJ1E: j.!.tr;,!·£be:~·· of ·b5.G0Ctj.Ol"!6 of t.he ,.'!h;:;;cke~:boo.~:."'d; -'(;11en the 
"'~'1·'I't'.,:'.,· •. ~" ·:l~,-<:'.rl ·;'O·"i~·";-"''':':'+·ir,.,.",{ •. ;; ""':"'r'I!)·~:"l'" -j •• _.J!r.· •• +::.:'jS "·1-''''"'' : .... Cr-" , .... ".J .'~ ~'I'" ,t::·.r.;.:~·J·11_e ::;~"'_r~, .r-.''''\. v ..... -.....I.:)&.;.. _~v'-. v .;" .. .e .. x.'';',,;, ...... -.tJ, .'-".1;.... ." .. (;.4 ..... \.J..'.J~lt_ ... J - v -_ *t _ .. t ..... .LCt:.:.> . ..,. ... J!d.:f<":J. Li: t~J.. ''':':;_ ... J _ ~ __ .-:. ..... , .... ,\...:,. 
(;():.1sist'E-~1:t ·vaJ.ll€e. . 
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