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Part I Definitions and Theorems 
(underlined words 1'lil1 ~oe considered defined by context) 

Def" 1: The problem: To fill a 4 x 6 matrix of E9~~~;ons. with 

Defo 

1) 

2) 

4) 

2: 

a} 

b) 

c) 

d) 

24 colored squares according to the follol·iil1g rules:-

each square is quadresected by diagonals and each 
!auadxa~ is colored with either red: "lhite, or blue, 
e.g. • 

The t"lenty-four squares are all differently colored 
11"r .. t" rotation but not ref'lexiou" 

The border of the matrix is made entirely of 't-lhi"te 
quadrants JI ito e .. 

vlhen two squm:"es Hre aQ~iacent alor..g an edge the co101"8 
of the corresponding qundrants must be the same. 

Names: 

~ The vlhite square is 
~ 

(note: from henceforth if' tvlO adjacent quadrauts of e 
squa.re are t11e same color the port.ion of dividing 

diagonal will be omit.i.e~~r. ) 

The blue nick is . w 
L--

Tbe red ni~k is ~ 

Tbe !!!a~onals al'e iT/1 f?1 '1iY/ &V1 
~ /OJ ,/ w ,171,.; I, 

) ) / 

e} The above seven squares are called ~2~ner squares 

~ ~l*1 f) The b01r'cies are \LU vJ 

..... --'- !2.. ( 
) ) 

g) The s~S?~~~ are all pieces of the :eorm~ fj 



(note: by convention shaded quac1ren'~s , .. iiI 1 represent red 
or blue and unlabeled quadrants will re:present 'V1h1te, 
e .. go ~1 
the general bowtie is ~ } 

h) A colored square has no "White quadl~;llts and a \11 square 
has· at least one '(·}hi te quadrent .. 

i) The botder positions of the 4 x 6 matrix are those 
cross"hatched in the figure: 

/ 

The cent~~ positions are the ·"·lhi te pos:i.tions lJ 

. \ 
Jt The edge positions are cross-hatched in the follol'Iing 

figure ,- the side pos1 tiona are dO'Gtec1 and the corner :positions 
are filled .. -----~~~~~ __ ~~~ 

Other defini tiona "lil1 be introduced later .. 

Theorems .... ~ 

Tl. There are only 24 possible different squares.. Proof: trivial 

T24 CountSq 
a) There are 18 'toT squares 
b) There are 7 Corner squares 
c) There axe 8 Center positions 

T30 2 and only 2 W squares may occupy center posj:t,:!.ons 

Proof: There are 18 ~I squares 
16 must be used :1.n border positions 
-2 

T4.. Only corner pieces illay occupy corner positions.. Proof: -trivial 

'I5.. T'ne 1'1hi te squa.l'e may not, occupy a. center position 

T6 .. 

Proof: If the 't\'hite square is in a. center posi·tion then it 'Hill 
require 2 W squares adjacent to it also in center positionso 
This makes 3 1'1 squa:ces in center :positions.. Contrac1iction ... 

is impossible .. 



Dei'. ~ . 
..J-

l~ <:1:1.8(;01:.0.1, t3qUG1'C l.:112.st OCCU}!y i)OS:':'1~l.On 0.. 

ThUG t.he 1'C1!K1:Lr.d.ng 3 c1:tagO!,181s ~121 .. :8t go in the 
other corner's.. 'I~'le:!.'~ con. ol)_ly 'be one more T;i 
square in the centej;· posi.i:-ions ~ r'c' C:?j1not be: 
a b01-1-t:te since tben yet. an,othel"' cent.er 1'1 
sCfL1are ·\'!ou.ld be requ:Ll'ec1.. ThuG ell' th!'ee b01·t~ies 
must, OCCU1)Y ·borde: ...... posj:t:Lol:.s" '.l11:.ls implies three 
f.:10!'e stoppers in the center .. Con"(,~ac1:j_(;tions • 

A C-B (corller-bo1';tie) posj.tion is a (liB.30nnl in D. c:oJ."nex' lJit.h 
t1'lO b01·rGies ill '0he adjacent. bOl"del' I)Osj:G:l.ons .. 

T~'jO stop}?ex's ill the center impl~.r thflt. 8.11 tln'ee "o01·1'e-5.e8 axe 
in border posit.ions" 'I'his lee,cIs -Go a COlrGrG1clic-::.5.on •. 

T80$ I'JO stoppe:t:·s mny oceupy centcJ: :posi'C,ions. 

Tt'70 r:.;tO:9Ii(~rS :ill ccnte:-c :i.~~ ::~LrjoG[J:i.bJ.e" .f!ssi~:Yile t~!.ere is one 
sto}?}?e:r :!.Il Q c:ent.c?.' J:oSi'c:LOl1o ~:\h1_fJ :tr:~9J.ie8 e;i:. J.e8.s·j~· t'~'JO 

bOi;rc:tes a-r.e iu bc-l'(~el' j~\()Si-'l~j.O~1[j. 9:'l!e tbird "bo1·re5_e cannot 
oer.!up:y· a. cen-ce:;:' :pos~U~i()n since :1:::' 1ioEld :(·equ:i.x·e ~i (;e!.1t,!'a.1. 

H sqUf:l!"~ arlj2,ce~lt to i'G) ;nak:i.n~ ·thI'ee in the C8J."!"ter' q 

Sil:.ce t}.E'ee Dm·rt;~.ec 8:'(; in 1: C:Ccl E:: l' ~}o:Ji·G:i.ons ·('}::.s:~·e C::.:~·e thl'ec 
quac11'c.nt.z fac ing :bl -cmio:::'(i the cel1'i~er.. TlT:..U~) in ol'c1eI' for' 
llllXi:.ch:i.!.1gG t.o OCClU~ ·:·]5~tl1 oi21y "G1!O c~:n-c!'aJ. 1·:r s 7 '(,1-/0 of the 
l)ol]ties :.ilUS-C :.eoJ.~m 8. C ... B I:OS:ttiorl 1'jith 8. diaE011ci ill the cerrce:\." 

adjacent }?oG:Ltj.on, 011\} tl:.E"! t.h:J,l'cl bo·;·:tie must be cd.jHc'.::nt to the 
cen"i:;ral st.oPl)e2~ 0 'I1:~uS U v \I " 

1~11 the ot.heT (:O~~"!lel' SQU.i;':l'2S be[i:tc~eB ·;.:.h;~ ccn.t.:~~~l.l d:!.:::?G:)~.tel i.-:lust, 

r;~)):ges!:~ on ~~b~ lJC)I'(le::' :::.l1c1 tb.:·:-'C:0 of them ~:ll:'..Dt, oecupy t.J:,:.'3 other' 

:tn f:.n.wh :;:, :('sf;:h:L(;!.1 tl:.8. .... c. L1D,J' 0:;:- the:!.:;.' "';'jh:ttE:: qUf:d]~'2D..J~'/S ::D.'C r!.exi~ t.o 
center ]?DS ~.t.:1.O!':.G.. I~l }?81't::.C·"L1.2" tl:e ~·:11j:(.8 squD~~'e mr~c -c OCCUIJY u 
cOI"nei:', 23J,ct ;::.c.1j8.C:G~.l";:. to i·(· :iXi.:S"G 'be '~":;~J ()"~.::'!c:.::-~ C;."):;::L.e:·:' f:)'~Ju2!·e[;.; .. 

'I'11el~e a~·(; ·i;~21·ec ];:cs:J :~l~Jlc: c ~~_scs 

1 .. 



2. 

This is no good because there are not enough diagonals to be 
adjacent to tho' nicks. 

This is no goO\, for there is only one more corner square to 
fill t"o more "orner positions. 

This is no good for there ere no more corner squares to fill 
two more cornel" positions. 

Hence there ~,'n b~ no stopper in the center. 

l>!f. 4: A set of f,.ll' squares form a brioge if t"o are in edge positions 
1-lhich are Jirror reflections alOIi'g-the long axis of the 4 x 6 
matrix one each of which has a lIhite quedrant next to its 
adjacent ,enter position end the 1.110 squares which occupy these 
sdja"ent ,enter positions have touching -('1:'0."21 1:hii..e ql·odrants. 
e~g" 

~ 
< 

I- --
~ ----
'--

'1"). If the t,·, .'entral W squores are bmities they e:'e pert of' a bridge. 

froDf orivia1. 

TIC>. If ex: .:tly one bo;:tie o"cupies a center position it must be part or a 
brid", • 

fro'" : Assume no bridge 'rhen the t\lO bO\lties on the border must be 
i.n ~~B posi tion For if not then one !fiUS t be adjacent to the 
corner bo\.'tie. The other border bmltie must be in such a 
position that botb of the "hi te ql..sdrants of it anti the center 
DOI'ltie must be adjacent to the same ~en··'raJ. corner piece 
(marked by on l( in the diagram). 

The }[ corner must be a diagonal 1'01' if it is 0 nick it ",ill 
cause ei trer e bridge to be formed or violate T1· 



~, 

Siroj~lar reason:lng as in T8 811ol18 that the \'jhi te square must 
be in a corner anti a similm" case analysis shaHs that there 
is no 'Hay to fill the other corners legally .. 

Rence the -c.'HO bOl'c1ei." o01'rcies must be in C-B );losi i;.ion.. If' 
the cornejo' square (==.) 

....... -. 

is a disgonal this 'Hill l"esul t :Ll1 a viola'Gion of' T3 since 
the central "\-1hi te cJl.1.e.d:r·ant of the cente:t' b01-1tie must be 
matched by a vi ~ Hence the F- must. be a nick~ v;hich is 
fl.lrthe1"l.)].o~'e adjacent to the center bO":-ltie" The asstmrption 
that there :Ls no bridge nOll violates T3 .. 

Tlloc Every solution must contain a bridge 

Proof: By contradiction aSSUlne -Chel'e €J~J.S·('S a solution with no 
bridge 0 Thj.s implies that all "thI'Ge bO'Hties are 011 the 
border 11 T3 impl:i,es that two of t.h(~Tl1 must be in C-B 
J.)ositiol1: adja.cellt centl"811y t.O 'Hhich Plust be some corner 
squa!'e.. If -this cornel' square is a diagonal, then the 
other bO'Htie must be adja<:ent to a cent.ral stopper vlhlch 
con·i.a"aoj.c:t.s TB.. Therefore this corne+' square must be a 
nic!t:D Both the center Ui1.IDa.tched ~·jhi te quadran.t of the 
nick and 'che t.hix·d b01'ltie must be ad~iacel1t ,to one center 
pj.ece 1'lhich by '113 and the assumpt.ion that there is no 
bridge must. be s. diagonal" Thus: 

not 

l~ sj,milro' a.rgument to that in 118 3hm,,'s that 'the vlhi te 
square must occupy a corner and a sirllple case enalysis 6110 .... /S 

-'Ghat there are not enough corl1er squ£,:ces left. ,to fill the 
othel" t'vJO COI'ne:c,'s legally u 

T12t' There are no solutiol1s '-lith dis.gon.als in a,ll foUJ:' cor'ner l)ositj.ons .. 

Proof: The ~jhite sqtull"e must 6.Pl)eal'" on an edge flanked by 'the 
two nicks in such a fashion as to requil'e the violation 
0:(' T3" 

'I'l,3 D There Gll'e no solu.tions vJ:.l.th the Y7hi.te square t;J.nd both nich:s occupy:i.ng 
thJ."ee of the f01U" cor11el" :posi-cio11S" 

Proof: 'Il1e:re are not enough c1:tagonals co 
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~ 

: .. 
t. ... "I .. "" 

T140 If the 'tvhite sCf:..18l"'e :~,s o11·:ays placed :i.i:l one of the cro$s-l".u:r,J6ched 
squares, thei'e 'Hill be no duplication 0:( soll.:r'c,ions "1ith respe(:t to 
reflection oi- l'ot.at,ioll. 

If. 1-~r~AT"~f~-' 
l:t ~ 

~7 7%:1\ Jj 
'd'l.'{l'rr'~ ___ LJ 

Proor: trivial 

T154 If the positions of the It, x 6 matr:ix al~e o:;~dered ill some arbitrary 
fash:ton arid solutions are construct.ed l)y pJ.flcing sguaxesinto first 
posj.tlons on Iio.l.t then po::;i'c,i.on No~2 unt:tl l:'osi'tiol1 1~o.,.2~', ther! 
dupJ.iG~t.ion of solu.tions .i·d.th :t:es:f,lect to the interchanging l)f' red and 
hlue quadrants throughout \·:;i.ll be eliminated by al'uays placing the blue 
nick bef'ore the red nick 2.:110. comply:LrJg 1'l:tth -l.ih!~ condit.ions of T14·., 

PrOOj;: ·crivialll 
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Part II Tne progra!l'.: 

The progralJ:! computes all possible solutions using ALGOL for the 
B5000 because of the ease of making "'ecm'siYe p?ocedU?e defi.nitions. The 
problem toolt 2bout ~·O computel' hoUl's to run to completion. 

There CITe six possible ':ays of filling the COl~ner positions: 

type 0 lihite nick nick dingonal 

1 'Hhi-ce nick diagonal diagonal 

2 llhite dif!gol181 diagonal diagonal 

3 nicli: niclc diegonal diagonal 

4 niclt diagonal d.iagonal diagonal 

5 diagonal diagonal diagonnl diagonal 

Theorems 12 end 13 prove tha'" there are no sO.lutions of t~'l)e 0 or 5; 
hence the program onl"v considers twes l-~·. For t;Yl'e ~, the first 200 solutions 
are :printed outs (J,nd for the otheJ~ three cases ti.':e f:.l'f:j'(. 50 solutions are 
printf~d out. In addition evel-Y time (l nel·1 pel"IDU"Cation for the COl~!.1.er positions 
is used tIle first solution of that eo.se is also printed out." A total of 
12201 solutions eJcistG .. 

The program itself is basically 1re::.~y si!l1ple: the crux of' it lies in 
the procedure GUTS, 

GUTS uses the theorems proved above to lir:lj,t possibilities so that i's 
must examine only t.hose cases llhich ean lend to E! soll}.tiol1~ 

GlITf3(L) at:tem:!)ts to place a squo}.·e into the Id:.h posttion.. If it 
succeeds it removes ttDt. squc\1.~e fl'Gm tIle liGt of avo.iluble squares and calls 
GUTS(L+l).. If it fails it 'Gries sllceessive avail:21ble squares" If none lJ:~ll 'dork 
it :il'OPS to GUTS(L-l) removing the L-·1 th :.1qlk.'U"e :~~{'e1!icusly placed from t.he 
available list since i tG placement leads to a c.1eadend ,. 1'men a solution is found 
i.eo 'uhen aUTS(24) goes tocann1 t:tonJ control pasGes t.o e. pr5.nt routinG and then 
to GU'l'S 3gain to find the next soluUon. The order of filling posj.t:lollS is:-

The na'Gl'D: dral1n ove::c solution r.fo~l type rIo.l sh:nJs h:m t.he pr1.ntout shOt.tld be 
:l'ead.. 11. trrlIlSparen:c s::.1eet. 'i"lith the lines inked ";'iOuld provide u conven:j~ent vie1<.?ing 
:C'oste1'. Naturally" €;, slight moo.:Li'icot:tcl1 of the p:t'in'i~ ~'olyc,ine ":'10u1o. allo~·] ever:y 
solution to be priuted out; houever £'l.t t.he mome!J:li the :_1ecessa:r~i computer time is 
}lot e:vail2.bJ.e. 
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