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n=7 a r e  1 9 ,  2 8  a n d  3 9  r e s p e c t i v e l y . ’ Also presented is a construct ion which
y ie lds  (for n>2)  many  appropr ia te  sequences  o f  l eng th  n2-2n+4 s o  g i v i n g  a n
upper bound on length of minimum strings which matches exactly all known values,
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1 NOTATION.

a)

b)

Cl

d)

e)

f1

d

Let S be a sequence of symbols. ]Sl wi I I  be used to denote the total
number of symbols in S and so we observe, for example, Ix y x z 1 = 4.

We say xcy in the case where x is a subsequence of y and we say “x i s
e q u i v a l e n t  t o  y” i f  x  can  be  ob ta ined  f rom y  by  a  s imp le  change o f
alphabet; we denote this equivalence by ‘9’.
(e.g. XYCXYYX, x y z x ~1231)

P(A) is used to denote the set of  sequences uhich are permutat ions of
an alphabet A. Card ina l  i t y  o f  P(A)  wi I I be (IA/)!, Also, P’(A,n)  i s
i s  the  se t  o f  permuta t ions  o f  a l l sub-alphabets of A of size n ( w h e r e
n I IAl 1. C l e a r l y ,  P(A)=P’(A, IAl).

I  f  A  i  s  a n  a l p h a b e t  t h e n  Q(A)=1  x I xzA’ A V y .  (ycP(A1  ;5) ycx11 where A’
is the set of sequences over alphabet A. For example, abcacba f Q(abc)  .
Also, Q’(A,n) i s  t a k e n  t o  b e  t h e  s e t  ( XIXEA’ A V y .  (ycP1A.n)  2 ycxl).
S o ,  f o r  ex.ample, zyxwxyz c Q’ (uxyz,2)  .

Now, the LENGTHS of the shortest sequences in Q(A)  .and Q’1A.n) depend
only on the SIZE of the alphabet A. H e n c e ,  t a k e  l(n) to  be  the  leng th
of the shortest sequence in Q(1  2 3... n) a n d  fl’(n,m)  t o  b e  t h e  l e n g t h
of the shortest sequence in Q’U 2 3 . . . n, ml .
So, for example, tlU)=l,  1(2)=3  a n d M’(n,l)=n  .

S(n) denotes the n-th symbol of sequence S.
S(n:m)  denotes that cant iguous subsequence of sequence S which is the
symbols from position number n in S to position number m,
#(S,x) denotes the number of ocurrences  of the symbol x in sequence S.

“CPAF X” is just an abbreviat ion for “Consider the Permutations of the
current Alphabet of the Form X” . The  g reek  le t te rs  uh ich  appear  in  X.
denote arbitrary sequences of symbols.
For examp I e, if the alphabet under discussion were abcde, the command

“Consider Permutat ions of abcde uh i c h  s t a r t  w i t h“CPAF bat” wou
b and end with

Id mean
c” .
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2 SOME EASY OBSERVATIONS.
c =:p-= SL3Z:r PPPIPIPIIIPI

i

L

c

2.2 M(21~3.
c-w - - - - - -

2.3 M(3b7.
e-w - - - - - -

2.4 M’ (n,lbn.

2.5 M’h,2b(2n-1)  can be seen as follows:
e-w --------e----

ti’(n,2) ~5 2n-1 since if A is an alphabet of length n, then the
s e q u e n c e  AA(2:2n) is a member of Q'(A,X
M'h,21 2 2n-1 s ince  i f  A  i s  an  a lphabet  o f  size n, S ia a  m e m b e r  o f
WA,21 and  ISl<2n-l  then  a t  leas t  two  o f  the  symbo ls  o f  A  (x and  y,
say) on ly  appear once in S; hence 1 of the sequences ‘xy’ and ‘yx’
are not subsequences of S.

i

2 . 6 M'(n,mMm.(2n-mtW2) Wm,  of course)

L

i

c.

This result is more easily remembered as

.

M’(n,m)  Z n  +  n - l  t  n - 2  t l *... t n-m+1  .
Suppose A is an alphabet of size n and S is a sequence from QVA,m)
o f  ,minimum  l e n g t h  ( i . e . ISI=fi’(n,m)  1. I t  i s  n o t e d  i n  .(2.4) t h a t
II’ (n,l)=n  so take m12. Segment S as TxU uhere the sequences T,U and
the symbol x are chosen so that x does not appear in T but all the
other symbols of A do. C l e a r l y ,  ITldn-1). Now note that al I
pe rmuta t ions  o f  suba lphabets  o f  A  o f  s i ze  m which start with x are
subsequences of xu. Hence all permutations of subalphabets of A\x
of size (m-1)  are subsequences of U 1 A\x is A without x and
IA\xl-(n-1) 1. IlJl L fl’(n-l,m-11,  t h e r e f o r e ,  a n d  s o  fl’(n,m)  ( w h i c h
i s  s i m p l y  ISI) i s  a t  l e a s t (n-1)  t 1 t M’h-l,m-1).  T h i s  r e c u r r e n c e
re la t ion  is  read i ly  so lved to  g ive  the  resu l t .

2 . 7 M(nMn.  !n+1)/2).
a - - - - - - - - - - - - - - - - - -

S i m p l e  coral  la ry  o f  2 .6 ’  us ing  M~nMIP(n,nL
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M’ (n, m)  I (m. (n-l  1 +lI
- - - - - - - - - - - - - - - - - - -
Given an alphabet, A, of size n , the fol lowing construct ion gives an
e lemen t  o f  Q’(A,m) of  length m*(n-lI+l  :-
Generate m permutations of the ‘alphabet Al, AZ, A3, . . . Am such that
Al M =A2 (1). AZh)=AZ(l)  e t c .  N o w ,  B  = Al  AZ(2:n)  A3(2:nL..Am(Z:n)
is in Q’(A,m)  s ince  i f  C  i s  any  permuta t ion  o f  any  suba lphabet  o f  A
o f  s i ze .  m,  C(j)  i s  e i ther  in  the  j - th  component  o f  B  o r  IS  the  las t
symbol of the (j-11th  component (for j>l).

2.9
m-w

2.10
-v-m

M(nMn.n-ntl)
- - - - - - - - - - - - - -

A simple corollary of 2 . 8 .

I (n, 3) = (3n-2) InZ3).
- - - - - - - - - - - a - -
From 2.6 we get II’ (n, 3) L (3n-3)  .
From 2.8 we get II’ (n, 3) I (3n-2)  .
Suppose the lower value is obtained for an alphabet A (IA14 and S
is a sequence of length 3n-3 which is in Q’(n,3L Now no symbo I can
appear only once in S fo r then would
ISlr(Z.M(n-1,2)+1)=(4n-S)  w h i c h  i s  a  c o n t r a d i c t i o n  fi: nZ3.

have
Hence

there must be at least 3 symbols which occur just 2 times each for a
total of 6 times. liouever M(3)-i’  so there must be some permutat ion of
these t h r e e  s y m b o l s  w h i c h  ia n o t  a  s u b s e q u e n c e  o f  S, Th is
contradict ion gives us the result .

2.11
B--s

-

Members of  Q(1 2 3) of Length 7.
--M--M- - -  - - - - - - - - SW - - - - - -  - -

The fo l  lowing i s  an  exhaus t i ve l ist  of  minimum solut ions for a 3
symbol alphabet. We consider, of course, on ly  equ iva lence classes
(w i th  respec t  to  the  opera to r  P 1.

1 2 3 1 2 1 3 1 2 3 1 2 3 1 1 2 3 1 3 2 1
1 2 3 2 1 2 3 1 2 3 2 1 3 2
1 2 1 3 1 2 1 1 2 1 3 2 1 2

2.12 VWXA). IacA. #(S,aklAl.
-e-w - - - - - - - - - - - - - - - - - - - - - - - - -

U s e  i n d u c t i o n  o n  t h e  a l p h a b e t  s i z e .  T h e  c a s e  IAl=1 is tr
suppose the resul t  holds for al l  a lphabets of  s ize less than
and S4 (A). Segment S as TxU where sequences T,U and symbo

v i a l  s o
n, Ml-n

x are
chosen so that x does not appear in T but every other symbo
does. Use A\x to denote A minus symbol x, and ue get UCQ (A\x)

VW = n - l  a n d  s o  w e  c a n  f i n d  y  s u c h  t h a t  #(U,y)l(n-1).  C
# 6, y) Ln. I

11 of A
. Now
l e a r l y
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2.13 V%Q’(A,m),  Card((  a I a<A A #(S,a)~m  3) I (n-m+11
-m-w -----s-m-- --------------------______c___________

Let A be any a l p h a b e t , m be any integer such that IAlrm and S be some
member  o f  Q’(A,mI.  Select sequence B - a permutation of A such that
the symbols of B are in order of decreasing frequency in S.
Now take sequence S’ to be the sequence formed by delet ing those
s y m b o l s  f r o m  S  w h i c h  a r e  i n  B(l:n-m). S’ is a member of
Q(B(n-mtl:nH  and so some symbol must appear at least m times in S’
and hence in S.
Therefore, #(S,B(lH  z #(S,Bf2))  r ..,.,L  #(S,B(n-m+l))  L m which
gives the quoted result .

2 .14 tl’(n,m)  1 m(n-mM(m)
-w-w - - - - - - - - - - - - - - - - - - - - -

A corol lary of  2.13 .

2 .15 NI4)=12.--
w--m - - - - - - - -

Take A to be the alphabet (sequence) 1 2 3 4 .

1 2 3 4 1 2 3 1 4 2 1 3 E Q(A)  and so M(4M2 .

S u p p o s e  S  6 Q(A)  a n d  ISI ~12,
Compute the least integer j such that  s(1: j) contains e a c h  s y m b o l
o f  A .  N o t e  jr4 a n d  S(j) is  not  in  S(1: j - 1 ) .
C o n s i d e r i n g  p e r m u t a t i o n s  o f  A  w h i c h  s t a r t  w i t h  S(‘j),  w e  g e t  t h a t
ISI L 3 t #(S,S(j))  t M(3) = 18 t #&S(j))  +
U s i n g  jS(<lZ  u e  g e t  j=4 a n d  #(S,S(j))=l.
Therefore, S(4) appears  on ly  a t  pos i t ion  4  o f  S .  Now cons ider  the
permutations of A  t h a t  e n d  w i t h  S(4) a n d  g e t  t h a t 41/(3)  w h i c h
is  a  cont rad ic t ion .

From this contradict ion we see that M(4M2.

2.16 V A .  VxcA. 3!%Q(A). #&x)=1
--SW - - - - - - - - - - - - - - - - - - - - - - - - - - -

Suppose we are given an alphabet A and x is .some  symbol of A. We
take  the  suba lphabe t A\x and f ind some member T from Q(A/x)  .
C lea r l y TxT  c Q(A)  and also #(TxT,x)=l.
Th is  i s  qu i te  a  use fu l  resu l t  to  keep in  m ind  when ponder ing  what
propert ies members of  Q(A)  might have.
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1 2 3 4 5  .

E Q(A)

Take A to be the alphabet (sequence)

1 2 3 4 5 1 2 3 4 1 5 2 3 1 4 5 2 1 3
so we have tl(5M9 .

S u p p o s e  SEQ~A) a n d  IS Id9 .
Break up S as T y U (where T and U are segments of S a n d
Y is  a  s ing le  symbo l )  such  tha t  T y  i s  the shor test  in i t ia l
segment of S  w h i c h  i s  i n  Q’(A,2)  s o 1 Ty I IPI’ (5,2) 39.
Choose x in T such that xy is not a subsequence of T (this
is possible otherwise S was not segmented as prescribed).

Consider ing members of  P(A)  starting with xy, get
-- ISI r 3  t  M(3) t #(U,x) t #(U,y)  - 1 6  t  #(U,x) t #tu,y).

Now, supposing x does not appear in U, consider subsequences
o f  S  t h a t  e n d  w i t h  x  a n d  d e r i v e  t h e  c o n t r a d i c t i o n

1 s 1 hrlI4)  t2tM (3) =21.
Conclude #(U,xM ( a n d  s i m i l a r l y  #(U,yklL

Reconc i l ing  inequa l i t ies , w e  g e t  #(U,xM, #W,yM, lTl=B,
llJl=9 a n d  ISI=l&

In U, x and y appear just once each and so one sequence of
xy and yx , call it Z, is not a subsequence of U.
Cons ider ,  t h e n ,  p e r m u t a t i o n s  of A of the  form a2 and get

ITI L M(3) t #(T,x) t #(T,y) 2 9 - -  a  c o n t r a d i c t i o n !

We therefore conclude that fl(5k19.

i i i) From i 1 and i i) deduce fl(5) 119.
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i) Take A to be the alphabet (sequence) 1 2 3 4 5 6  .

1 2 3 4 5 6 1 2 3 4 5 1 6 2 3 4 1 5 6 2 3 1 4 5 6 2 1 3
is in Q(A) so we have M(6k28  .

The proof of M(6) 228 is given as Appendix 1 because it is.
long and uninformative.

These two fac ts  g ive  the  resu l t  M(61=28.

ii) Take A to be the alphabet 1 2 3 4 5 6 7 .

--_
1 2 3 4 5 6 7 1 2 3 4 5 6 1 7 2 3 4 s

1 6 7 2 3 4 1 5 6 7 2 3 1 4 5 6 7 2 1 3
is in Q(A) so we have M(7) s 39 .

M(7) 139  ( proved as appendix 2 ) and so we have fl(7)=39.
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Minimum Length Solutions for Alphabets of Size 4.
N=lllli*I  mIIPP= *IPII=PII *PI *mmelcIIII=I  mw -111 =I

Le t  A  be  the  a lphabe t abed.
We wish to enumerate the equivalence classes in Q(A)
of the minimum length tie 12). Suppose &Q(A) a n d  #12.

Lemma: Vp<A. #(S,p)12
pc:A  A ##(S,pI=:B i s  a b s u r d .
Suppose p<A A #(S,pI=l We have that S has the form UpV.
C P A F  a p  t o  g e t  IlJl~f”H31-7  ; C P A F  p a  t o  g e t  lVI#l(3)-7  .

L.- We immed ia te ly  have  the  con t rad ic t ion  ISI - IUpVl L 15 .

L

Lemma: 3p: #(S,pI=2
Suppose not. In view of above lemma, Vp<A. #(S,p)>3  which
is  a  v io la t ion  o f  the  resu l t  2 .12  (page 3).

Suppos’ing  #IS,p)=2,  c h o o s e  T&V s u c h  t h a t S - TpUpV.
CPAF pa to get IlJV]>7; CPAF ap to get ITlJl17.
N o w  IUl - lUl+ClSl-121 - ClUltlTltlUltlVlt2,-12  14.
A l s o  ITI - pq-2-lUl-pty  5 3 a n d  s i m i l a r l y  IVl53.

Suppose JTl<3. ‘Thus 1xrA. -(xcTI A- (x=pI .
CPAF xpa to  g ive I.V12M(2)t#(V,x)P3t#(V,x).  So #(V,xI=0.
CPAF apx to give the contradict ion (Tl8’l(ZI=3.
Hence ITI= a n d  s i m i l a r l y  lVl=3  g i v i n g  lUI=4.

Suppose qcA and -lq=pI  A #(T, qI=0.
CPAF qpa to get #(V, qI=0. Hence by a lemma above, MU, q)rZ.
C P A F  gap to  ge t  the  con t rad ic t ion  lUl~fl(2It#(U,qI~5.
Hence V q ,  q<A > (q=p v #(T,qI=#(V,qI=lI,

C

From this discussion we get that there are representatives of
al l  the equivalence c lasses of the form

abcdUdV w h e r e  lUl=4,  IVl-3, a d ,  bcV, cdL

CPAF ad we get abcU is in Q(a b c) and is of min. length.
Us ing  resu l t (2 .11)  we get 5 possibi l i t ies for U; n a m e l y :
(1) abac (2) abca (3) acba (4) babe (5) bacb.

Similar ly UV is in Q(a  b c) and  i s  o f  m in imum leng th .
Performing a small amount of hand checking and using 2.11
again we get that there are exactly 9 equivalence classes:-

abed  abca dbac
abed  abca dbca
abed  abca dcba

abed acba dbca
abed acba dcab
abed acba dcba

abed bacb  dabc
abed bacb  dacb
abed bacb  dcab

7



Given an alphabet sequence, A ,  o f  leng th  a t  leas t  th ree ,  i t
is aeserted that the fol lowing recipe gives a sequence in Q(A).

Set the sequence variable B + AQ:n);

I

L

Write(A):
D O  ( n - 2 )  T I R E S  ( Write(A(1)); Write(  B(l:n-2)  I;

B e (B(n-1)  B(l:n-2));  3 ;
Write(A(lI1;  Write(B(1));

The tota l  number of  symbols Llritten = n+ (n-2Ml+n-21  +2
= n2-2n+4 .

L-

c

c

We now verify that the sequence produced is indeed in Q(A),

F i r s t  n o t e  t h a t  t h e  o p e r a t i o n  ” B + B(n-$IB(l:n-2)  ” s i m p l y
ro ta tes  the  sequence  o f  n - l  symbo ls  in  B,

Nex t  no te  tha t  the  f i r s t  symbo l  o f  A  (we w i l l  ca l l  i t  aI is
wr i t ten  exact ly  n  t imes, Letting C be the result of the above
construction, we segment C as follows:

C - aJaKaLa..  . aYaZab where the (n-1)  sequences
JW- ,..,Y,Z do not contain the symbol a.
For  conven ience  we w i l l  use  ca l l  J,K,L,.....Y,Z units and wil l
r e f e r  t o  t h e m  a s  UDI , UE21, . . . Urn-13.

Now J  con ta ins  a l l  symbo ls  AI&n) but K,L,...Y,Z each  con ta in
just n-2 of the symbols of A(2:n).  However the symbol of  A(2:n)
that does not appear in some uni t  U[kl is both the last symbol
o f  U[k-11 a n d  f o l l o w s  t h e  a  t h a t  f o l l o w s  U[kl i n  C .

Le t  P  be  a  permuta t ion  o f A. We will show that P must be a
subsequence of C.

Suppose a  appears  in  the  j th  pos i t ion  o f  P. We f i rs t  show tha t
t h e  s t r i n g P(1: j) (simply a if j=l>  can be matched to the
the head of C aJaKaL...U[j-lla  . T r i v i a l l y  t r u e  i f  j=l.
I f  j>l  t h e n  P(1) i s  i n  J ,  c l e a r l y .  A l s o  i f  j>k>l  t h e n  P(k) c a n
b e  m a t c h e d  t o  UIkl  i f  i t  i s  in  tha t  un i t  o r  e lse  the  las t
s y m b o l  o f  U[k-11.
S i m i l a r l y  t h e  n - j  s y m b o l s  o f P(jtl:n)  can be matched to
U[jlaU[j+lla...aUCn-Ilab  . If j<kln  t h e n  PIkl w,iII e i t h e r
match some th i ng i n U[k-11 or the symbol which fol lows the a
w h i c h  f o l l o w s  U[k-11.

8



7. A More General  n2-2n+4 Construct ion,
un m m-mm  mmmmmmm mmmmmmm mm~mam~mmummm

c.

c

It i s  a s s e r t e d  t h a t  the f o l l o u i n g  a l g o r i t h m ,  r e g a r d l e s s  o f  uhich
internal  choices are made, a lso produces a member of  Q(A)  of length n2-2n+4.
The proof. of membership in Q(A)  follows by the same method used in proving the
v a l i d i t y  o f the s impler  ‘program’. It i s  a lso  read i ly  seen tha t  the  prev ious
construction is a special case of this more general one.

SUBROUTINE SRl:
Write the symbol [xl;
Wri te the symbol [yl;

SUBROUT  I NE SR2:
SRl ;
Wr i te  inany order the In-31 symbols of A which do not include
[xl or lyl or 123.

00 ytz AND set z to the last symbol wri t ten. .

SUBROUTINE SR3: .
DO ,SRZ k-21 TINES;
SRl; 3

SUBROUTINE SR4:
DO SR2 in-31 TIMES;
SRl ;
Wr i te in any order the in-21 symbols of A which are not 1x1, [yl ;
Wri te the symbol 1x1:

MAIN ROUTINE:
Write down the alphabet (A);
DO EITHER ( x+A(lI; y t any  symbo l  o f  A(2:n-1);  z+AM; 1
OR i x + A(2); y t A(l); z + A(n); 1;
DO EITHER SR3 OR SR4;

SYMBOL COUNT.
If fl symbols are wri t ten each t ime a certain rout ine i s  obeyed

then we say that the SYMBOL COUNT for that routine is M,
Symbol  Count for  SRl  - 2 ;
Symbol Count for SR2 - n-l ;
Symbol  Count for  SR3 - (n-2Mn-11+2  = n2 -3n +4;
S y m b o l  C o u n t  for S R 4  - (n-3Mn-l)+(ntl)  = n* -3n +4.
Hence Symbol  Count for  tota l  a lgor i thm - n2 - 2n + 4 .

Note that no distinct sequences produced by this algorithm are
equivalent s ince al  I such begin uith a copy of the alphabet.

3
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Note also that every sequence so produced ends with some permutation
o f  the  a lphabe t .

Given an alphabet A, the reversat of any sequence which is a member of
Q(A) is also a member of Q(A). It should be noted that the the reverse of  a n y
sequence generated according to this construct ion is equivalent to some other
sequence given by the construction.

c

c

.
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8, C o n s t r u c t i n g  E l e m e n t s  o f  Q'(A,mL

Sect ion 6 contained a simple construct ion for generat ing e l e m e n t s  o f
Q(A) (for g i v e n  a l p h a b e t  A  o f  s i z e  n>2)  w h i c h  were o f  l e n g t h  n2-2n+4  . Th is
a I gor i thm is  now mod i f i ed  to  genera te  members  o f  Q'(A,m)  (where  Z<msn) of
leng th  mn-2m+4.

Set the sequence variable 6 + A(n-m+Z:n);
Write(A):
DO m - 2  T I R E S  Write{  A(l:n-mtl)  1;

Write1  B(l:m-2) I;
B + Btm-l)B(l:m-2);

Write1 AU:n-mtl)  1;
WriteI B(1) 1;

The total number of symbols written is easily seen to be
n t (m-2) (n-m+1  t m-2) t (n-m+11 t 1 - mn-2mt4 .

J u s t  a s  th is  a lgor i thm is  a  mod i f i ca t ion  o f  the  one in  sec t ion  6 ,  the
p r o o f  o f the correctness of the construct ion is an extension of the previous
p roo f ,

Th is  cons t ruc t ion  g ives  an  upper  bound on  fl’(n,m)  for n>m>Z  of mn-2m+4
and so  us ing  th is  knowledge,  the  propos i t ion  2 .14  and the  var ious  va lues  o f
M (41, M(5), M(6)  & M(7) we already know, ue compute the neu resul  ts:-

M’ (n,4) = 4n-4
M’(n,S)  - 5n-6
M'(n,6)  = 6n-8
M'(n,7) - 7n-10

11



9 . Discussion,
PS 3Er=rIsPII*

c
The cons t ruc t ion  o f  sec t ion  7..gives many  sequences  o f  the  des i red

l e n g t h .  It g ives  a l l  n ine  equ iva lence  c lasses  o f  sequences  in  O(a b c d) o f
l e n g t h  1 2 , 128 classes in Q(a  b c d e) which may or may not be all of them,
and 32,400 classes f rom Q(a b c d e fL It does NOT get al I the sequences of
Q(a  b c d e f) since all the ones produced start with one copy of the
alphabet however the following sequences from O(a  b c d e f):

abcdebfdcabedcfbadecbdfacebd

abcdeafdcbaedcfabdecafdbcead

(among others known) DO NOT! In fact, the second of these examples does not
even end with a permutation of the alphabet.
An easy to derive lower bound on the number of classes i s  ( (n-3)!  VT%-1).

We now tabulate the known values of the functions fl & M’ .

m M M m2-2mt4 II’ In, nil
----------------------------------

L 1 1 3
2 3 4
3 7 7

‘, 4 12 12
5 19 19
6 28 28

&-I
3n-2
4n-4
Sn-6
6n-8

7 39 33 7n-10i-.

‘.
The fact  that  the actual  values of  M(n) exac t l y  match  the n2-2nt4

figure for 2 < n ,< 7  make  tne cons t ruc t ion  re la t i ve ly  impor tan t .  I t  a lso
s u g g e s t s  t h e  o b v i o u s  c o n j e c t u r e  t h a t  M(n) i s  exac t l y  n2-2nt4 for  a l l  n>2.
However,  there is another competing conjecture which gives exact f i t  at n=1,2
as wel I as the other known values of M(n)  but is more complicated:-

M(n) - n2 f o r  n=l
n%tl f o r  2Sn13
n2-2nt4 f o r  4Sn17
n2-3ntll f o r  89115

, . . . . . .
na-m*ntF  (III) f o r  2m  Snli  2Jmwl

where F (8) =0 A F (n) =n&F (n-l 1.

O f  c o u r s e , knowing  whether  the  va lue  fo r  M(8) is  51 or 52 would help by
el iminat ing one of these postulates.

12



c

c

I t  i s  s u r p r i s i n g  t h a t  t h e  b e s t  l o u e r  b o u n d  w e  h a v e  o n  fl(n)  is n2/2
s ince  i t  wou ld  appear  tha t  i t  i s  o f  o rder  n2. T h i s  c o n j e c t u r e  i s  r e a d i l y
s ta ted  fo rma l l y  as:-

Vk. k<l 2 3N, n>N  2 (f’l‘in)+  B k*n2)

L

i-

L-

I t  s h o u l d  b e  n o t e d  t h a t  j u s t  t h e  m e c h a n i c a l  c h e c k i n g  o f  t h e
m e m b e r s h i p  o f  a eequence  ( o v e r  a l p h a b e t  AI in Q(A)  ie~ quite t ime-  c o n s u m i n g ,
A program is avai lable in ALGOL but (al though i t  includes some means for
p run ing t h e  t r e e  o f  p e r m u t a t i o n s )  t a k e s  a  l o n g  t i m e  t o  c h e c k  t h a t  a l l
permutat ions of  the alphabet are subsequences of the given sequence. The
actual times on a PDP10  are 3, 17 and 60 seconds for alphabets of sizes 8, 9
& 10 respect ive ly .

c
REFERENCE:  --.

c
1. Chvatal,V.,  Klarner,D.A., Knuth,O.E., “Selected Combinatorial Research
Prob I ems”, Report CS 292, Computer Science Department, Stanford University,
June 1972.
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L

Take A to be an alphabet of size 6 ( IA1-6 I.
M o r e o v e r ,  s u p p o s e  S<Q(AI  and  IS1<28 .

Now choose sequences T, V and symbols x,y such that
a) TX i s  the  shor tes t  head o f  S  tha t  i s  in  D’(A,ZI;
b) yV i s  t h e  s h o r t e s t  t a i l  o f  S  t h a t  i s  i n  Q’(A,l);

C h o o s e  wcT such  tha t  WNX A -1wxcT).
We have  immed ia te ly  tha t  IT1110  , IV125 and  f rom cons id -
e r a t i o n  o f  t h e  e l e m e n t s  o f  P(A) o f  the f o r m s  WXOI 6 /3u
g e t  ~S~~~T~tlttl~4), ISlrlVltltfi(5), lTls14, IVls7, IS(125.
Hence we can segment S as the sequence TxUyV  a n d  n o t e
101 ITI 1 1 4 , 21 IIJI 510, 51 IV1 SJ, 251 ISI 627.

Again CPAF wxa and get IUyVl>N(4)+2=14.  Hence (using IS1127 1
]T(<lZ  a n d  ( u s i n g  IV157 1 llll~6  .  A l s o  C P A F  a y  a g a i n  t o
deduce ~TxUl8l~51+1=20.  T h e r e f o r e ,  ISI 2 20tlt)VI ~26 I a n d
( u s i n g  ITIs 1 llJl~7. L a s t l y  ( u s i n g  lSlQ7 a n d  (TxU~~ZBI,  lVll6  .

S u p p o s e  #(U,wI=0. S i n c e  lyVl 5 7  bu t  con ta ins  all of  A,
there must be 5 symbols of yV which appear just once.
T h e r e f o r e  w e  c h o o s e  p,q such that p,q,x,w are dist inct,
7(pq c yVI and p,q both appear tuice  in T. We can do this
since only one symbol of TX can appear only once. Now CPAF
awpq to get ITI 1 M(3) t #(T,w)  t #(T,p)  t #(T,qI  2 1 2 ,
So ITI= and #(T,w)=l.  Segment S as LwMxUyV noting that s i n c e
Lwilx is  in  P(A,2)  a n d  #(L,uI=0,  IfllZ4.  T h i s  g i v e s  t h a t  IL117
and #(MxU,wI-0 . M(5,2)-9  so we pick p,q such  tha t  7(pq c LI
and p,q,w distinct, Now CPAF pqwa to get lyVld'l(31t#@Qd~8.
Thlo cantradlctlan  gives #kJ,whl b

Again CPAF wxa and get IUyVl 2 M~4~t#~UyV,w~t#~yV,x~  115.
U s e  IS1527  t o  g e t  ITI< a n d  u s e  lVll6  t o  g e t  llJlr8.

.  Now let  t<A be such that #(U,t)-0.  As  above we choose p,q
s o  t h a t  t,p,q a r e  d i s t i n c t , y(pq G yVI a n d  p,q b o t h  a p p e a r
a t  l e a s t  t w i c e  i n  T. CPAF atpq to deduce the contradict ion

ITxl 1 N(3) t #(TX, t) t #%(Tx,p)  t #(Tx,qI  1 1 2  ! !
Hence all symbols appear at least once in U.

Y e t  a g a i n  C P A F  w x a  t o  g e t  lUyVl L ‘fl(4It#(UyVIt#KlyVI  1 1 6 .
As before deduce IT1110 a n d  lUl?S . Al so CPAF ay to
g i v e  fTxUl 2 M(5hW(TxU,y)  2 2 1  a n d  t h e n  ISI-27,  IVl-5
W e  a l s o  h a v e  ITI-10,  IUl-10 a n d  Vt. tcA =) ttU.

The proof is concluded by deriving contradict ions in the
various possible cases of equality among w,x,y.

CASE 1, x-y, and a0 S l TxUxV.
We know ##(T, xkl and NJ, x121 so CPAF ax and get the
contradiction 2 1 - ITxUl  z M(5) t #(TxU,x) r 2 2  .

14.



CASE 2. xzy,
C A S E  Za. wzy L e .  w,x,y all  d i s t i n c t ) .

CPAF wxay to get ILlI 2 M[3)+#(U,w)+#(U,x)+#(U,y)  2 1 0
Therefore #(U, WI = #Kl,x~ = #(U,yl - 1 .

Now this gives that one of w x  o r  xw, cali it z, i s  s u c h  t h a t
-4z c IJI. CPAF aZy and get 1 T 1 L M(3)+#(T,w)+#(T,x)+#(T,y)
B u t  #U,w)+#(T,y)  2.3 a n d  s o  ITI 2 1 1  - - c o n t r a d i c t i o n ! !

C A S E  2b. w=yc
Find the first symbol of V which is not x ; call it z.
N o t e  t h a t  s i n c e  yVtP(A) A /#/-IAl, .z a p p e a r s  j u s t  o n c e  i n  V,
C P A F  y x a z  t o  d e d u c e  ILlI  2 M(31t#(U,y)t#(U,x)+#IU,r)  L 1 0 ,
I m m e d i a t e l y  w e  s e e  #(U,x) - #IU,z)  - 1 and so one of  XZJX
( call it Z 1 is not a subsequence of U,
CPAF aZy to get ITI 1 Mt3)+#(T,x?+#IT,y)t#(T,z),

‘ U s e  W(T,y)+#(T,zk3  for the c o n t r a d i c t i o n  ITI L 1 1 .

15



APPENDIX 2. P r o o f  o f M (7) 239,
EEPSPPIP PP SS3PII 31 311PImPxIL

Take A to be an alphabet of size 7 1 IAl- I.
.  Moreover, suppose M(A) and tq<39  .

I-

L-

Choose sequences T,U,W  and symbols a,b,c such that
a) Ta is the shortest head of S that is in Q’ (A,11
b) CW  i s  t h e  s h o r t e s t  t a i l  o f  S  t h a t  i s  i n  Q’(A,l)
c) TaUb  is  the  shor tes t  head o f  S  tha t  i s  in  Q’(A,ZI

We segment S as TaUbVcW  and readi ly p r o v e :
WW8, 5SjUjr9,  8slVl418,  6slWl<8,  365191<38;

ae well a8 ITl+lUlslS,

Suppose for some p in A, #(V,p)=0,
I f  p  i s  the  symbol  b ,  M’(6,31+#(TaUb,pI  2 18  > ITaUbl  s o  w e

can choose  q , r , s  such  tha t  distinct(p,q,r,s) A 4qrscTaUb)
so that 4qrsp  c TaUbV).  CPAF qrspa we get a contradiction

1 cv I14+M (3).
O t h e r w i s e  p , b  a r e  d i s t i n c t  a n d  1’(6,31+#(TaUI  1 17 2 ITalJl  s o

w e  r e c h o o s e  q,r,s such that distinct(p,q,r,s) &(qrscTaU)
which means 4qrsp c TaUbVI.  As  be fo re  ge t  a  con t rad ic t ion .

Lemma 1: VxcA. #(V, x1 11 follows from these contradictions.

Suppose ptA  A distinct(a,p).  We know ##(T,pM  and #(Ub,pM
a n d  #(V,pM  and  #(cW,pM  s o  c o n c l u d e  #(S,pM.  A lso  we 1
h a v e  #(V,aIll and #(cW,aM  so that #(S,aI23.
We sharpen our i nequa I i ties now. CPAF aa to get I T I ~7.,  IS 1~37;
CPAF aba to get ITl+lUl<l3: CPAF ab to get IWl<7. H e n c e

6slTls7, 54457, 13#‘1118,  6slWl,<7,  37~1!3(~38.

Suppose, in fact, #&a)-3.
We re-segment S as TaJaKaL  uhere #(TJKL,a)mB a n d  LcW.
There is at most one repeated symbol in T since ITalrlAJ+l.
Le t  z  denote  th is  symbol  i f  i t  ex is ts  e lse  any  symbol  o f  T.
Choose p,q such that distinct(p,q,a,zI  A 4pq c TI.

CPAF pqzaa to deduce that some subsequence G of KaL belongs
to  Q(Al)  where  A l  i s  ob ta ined  f rom A by  de le t ing  p,q,a,z.
IGl>H(3)=7  so some symbol of G appears at least 3 times.
So we choose y to be such a symbol and note

distinct(a,y) A #(T,yM  A #(KaL,y)23.
Now one of py and yp (call it Z) i s  no t  a  subsequence  o f  T .

CPAF Zzaa to show we can choose x with the properties
distinct(x,y,a) A ##(T,x)=l  A %%(KaL)r3.

16



Now, one of the sequences xy and yx is not a subsequence
of T (call it YI and CFAP Yaa to get

IKaLI  r M(4) t #(KaL,a)  t #(KaL,x) t #(KaL,yI  r 1 9 .
By symmetry  fTaJjrl9  to give the contradiction ISlr19+19+1.

Lemma 2: VxcA. #E&x)14 is immediate.

Again CPAF aa to get
Also CPAF ac to der
Then CPAF aba to get
w h i c h  l e a d s  t o  16rlV

ITl=6, lSI=38, #(S,aI=4;
v e  lWj=6,  lUltlVl=23,  #(S,cI=4,

IVcWl L f+'i(5I+#(VcW,a)+#(VcW,b)  123
118 a n t i  54Ul~7.

S u p p o s e  t h a t  p,q are such that y(pqcVI.  W e  h a v e  t h a t
##(TaUb,p)+##(TaUb,qM  .  N o w  ITaUblll5  a n d  s o

ITaUbl c M'(5,3I+#(TaUb,pI+#~TaUb,qI  .  H e n c e  w e
choose j,k,l s u c h  t h a t  distinct(j,k,l,p,qI  A T(jkl  c TaUb),,
C P A F  j k l p q a  s o  IcWl 2 tl(2)+5  =8 > IcWl - -  a  c o n t r a d i c t i o n !
T h u s  Vp<A, VqcA. #W,ph#h',q)z&
I n  p a r t i c u l a r , le t t ing  zbe  the  first symbo l  o f  CW  wh ich is  not
oneof  a,b, #(V,aI+#(V,bI+#(V,zI  1 5 .
C P A F  a&z to  ge t  IV1 h fl(4)+#(V,a)+#(V,b)+#(V,z)  2 1 7
Thus we have new bounds for U,V:- 5slUls6,  17s~V~~l8  .

c

L

We now choose sequence H and symbol d such that
dHcW is  the  shor tes t  ta i l  o f  S  in  Q(A).

By symmetry with the results for U we have that 5<jHls6
and so we re-segment S  a s  TaUbCdHcW  w h e r e
ITI=6, 5sjUl<6,  161jGl112,  5sjHls6,  jWl=6, IS)=38,
#(S;aI=4,  #(S,cI=4.

‘-

Suppose x is s u c h  t h a t  xza A x#c A -(ecGl.
If. x+b then CPAF abea to get

IdHcWl  L M(4)+(#(dHcW,a)+#(dHcW,b))+#(dHcW,e)  2 12+3+2
- a  c o n t r a d i c t i o n .

If xzd then CPAF aedc to get
ITaUbl  L M~4I+I#(TaUb,cI+#ITaUb,d))+#(TaUb,e)  1 12+3+2
- a l s o  a  c o n t r a d i c t i o n .

The remaining case is x=b=d. Lemma 1  (w i th  #(9,cI=4  ) g ives
tha t  ##(TaUb,cM  and since there is at  most one symbol in TaUb
appearing 3 times, w e  c h o o s e  p,q .(not c or b) so that #(TaUb,pM
a n d  %%(TaUb,qM, Since f"i(3)=7 there  i s  some permuta t ion  Z  o f
c,p,q that is not a subsequence of TaUb. CPAF Zba to get
IHcWj 1. M(3I+#(HcW,bM~HcW,c)+#(HcW,p)+#(HcW,q)  1 7+1+2+2+2  = 1 4 .
- a  con t rad ic t ion .
F r o m  t h e s e  3  c o n t r a d i c t i o n s  w e  g e t  (xcA A xrta A xd ZP ##tG,xhl.
Now suppose -((acGI.  Choose p,q,r so that distinct(a,p,q,r) a n d
-(pqr  c dHcW1. CPAF aapqr .  C lear l y  a<U  [else jT/M(4)  I and so
#(TaUb,a)r2.  H e n c e

jTaUbl 1 Mt3M#(TaUb,aI+....+#TaUb,r1  >7+2+2+2+2  = 1 5
From this contradiction we get %%(G,aM and by symmetry #(G,c)rl.

Lemma 3: VXEA. #(G,xIrl follows.
i

L-

c.
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S u p p o s e  xcA A x@a A XIG #(T,x)-#(W,x)-1,  #UJb,x)rl,  #(dH,xM
a n d  #(G,xM to y i e l d

Lemma 4: VxcA. (x-a A xd 2 MS, xl&

S u p p o s e  distinct(a,b,c). -.
We f i rst  choose z to be the f i rst  symbol of  W which is not a,b.
b - a  n b-c s o  w e  h a v e  bcG, b<dH g i v i n g  #(GdH,bk2.
Z#a A Z;lcC s o  w e  h a v e  zfG, zcdH  g i v i n g  #(GdH,zk2.
A l s o  a-c so acdH a n d  w e  h a v e  a<G  g i v i ng  #(GdH,ak2.
CPAF abaz to derive IGdHl  L M~4)+#(GdH,a)+#(GdH,b)+#~GdH,z)  L 1 8 .
We get from this that lUl=5  and also #(GdH,b) = 2 = #(GdH,z).
T h i s  t h e n  g i v e s  t h a t  #(S,z)-5  a n d  #(S,b)-5  .

Let p,q,r be the 3 symbols of the A which are not a,b,c,z.
#($a)  t #(S,b)  t #(S,c)  t #(S,z)  = 4+4+5+5  = 1 8

##(S,p) t #(S,q) t #&rI =  2 8 .
lfnce  no symbol appears twice in TaUb, can choose a permutation
Z  o f  p q r  s o  t h a t  -(ZcTaUb).
CPAF &x-,to get 25=lGdHEWlrM(41+(20-6)~~6  - a cont rad ic t ion ,
Simi larly ‘dietinct(a,d,c)’ gives a contradiction.

Lemma 5: vdistinct(a,b,c)'~ ydistinct(a,d,c).

c

In v iew of  lemma 5, two important cases are a=c  and -(a-c).

L CASE 1.
S u p p o s e  fT% that a& C l e a r l y  lUl=6 and ITaUbl-14.
Let t ing  z  be  the  f i r s t  symbo l  o f  W no t  a ,b CPAF abaz  to
g e t  IGdHl  2 12+#IGdH,a)+#(GdH,b)+#(GdH,z)  117.
B u t  IGdHI=17  s o  w e  s e e  #(GdH,b) =  2  =  #(GdH,zI.
T h u s  #(S,a)+#(S,b)+#(S,z)=l4.
Now choose p,q,r,s such that pqrsabz is a permutation of A and
#(S,pI  2 #(S,q)  2 #(S,r) 2 #(S,sL N o w  s i n c e  s o m e  s y m b o l  a p p e a r s
at least 7 t imes in S, #(S,pk7 a n d  #(S,q)+#IS,r)+#(S,s)~l7.
H e n c e  #(S,skS a n d  s o  #(S,p)+#(S,q)+#(S,r)>19,
Now each of  p,q,r  appears exactly twice in TaUb and so

i 1. #(GdHaW,pI+#(GdHaW,q)+#(GdHaW,r)  L 1 3
ii1 s ince M(3)-7  there is a permutat ion of Pqr

( cal I it Z 1 such that =dZ c TaUbL
C P A F  Z a  t o  g e t  2 4  -IGdHaWI  L M(4)+13  = 2 5 .
This contradict ion gives us #(U,a)=0.

Again letting z be the first symbol of W not a,b we have
#(GdH,ak2,  #(GdH,b)>2,  #fGdh,zki! so CPAF abaz to
deduce lGdHlr18  and hence lUl=5  a n d  #(S,b)=#(S,z)=5
S i m i l a r l y , ##(S,d)=5  a n d  IHl=S.

IGl=12 a n d  #(G,a) = #(G,b)=2  so the other 5 symbols appear
a  to ta l  o f  8  t imes  in  G.  Hence  choose  p,q so that YIpqcG)
and distinct(a,b,p,q). q(abpq c TaUbG) s o  C P A F  a b p q a
t o  d e r i v e  a  c o n t r a d i c t i o n  IdHaUl  L 7 t 3322  t 1  =  1 4 ,

18



CASE 2. -(a-c) .
W e  h a v e  atib  and c& so Lemma 5 gives  b o t h b=c a n d  d - c ,
H e n c e  S  l o o k s  I  i k e  TaUbGaHbW  w i t h  ITI-6,  SS~U~~G,  184Gls12,
%IH/s6, IWl=S, #(G,a)-#(G,b)-1,  #(T,bM#(W,aI-1.
C l e a r l y  %#(TUH,a)  ‘- 8 - #(UHW,bL

L.

L

c

c

i

We can write the alphabet in order of decreasing frequency in
S as pqrstab where al  I  except a,b occur at least 5 t imes  and
##(S,p)r7.  Hence, as p,q,r ,s, t  appear a total  of  38 t i m e s
#(S,tI=5 a n d  #(S,s)<6  a n d #(S,p)+#(S,q)+#(S,r)  2 19 .

CASE 2a: juy=5  .

Some permutation, Z, of pqr will not be a subsequence of TaUb
s o  C P A F  Z a  t o  g e t  IGaHbWl 2 12+19;6  - 2 5 .
T h i s  g i v e s  u s  t h a t  #(S,p)+#(S,q)+#IS,r)  - 19 a n d  #(S,sI=6.
W e .  t h e n  d e d u c e  #(S,p)=7,  #(S,q) - #(S,r) = 6 .

-=.
Now if z denotes the last symbol of T ’ then CPAF za to get
3 2  - IaUbGaHbWl  2 M(6) + #(S,z) - 1 o r  #(S,z)rS
B u t  zrra  so #(6,z)25  so we deduce t- t .
S im i la r l y  the  f i r s t  symbo l  o f  W is  t,

Recall t h a t 4Z c TaUb),  #(G,a)-#(G,b)-1  a n d  n o t e  #(C, t)-1.
C P A F  Zaba to deduce that ab c G.
C P A F  Z t b a  t o  d e d u c e  t h a t  tb c G.
S i m i l a r l y  d e d u c e  t h a t  .at c G .
i . e . a p r e c e d e s  t p r e c e d e s  b ( i n  GL

Suppose t is not the last symbol of U. We find y,z such t h a t
4yzt c TaUb)  a n d  s o  4yztab c TaUbGaHL  C P A F  y z t a b  f o r
the contradiction by which we can conclude ucJ=t,

We have tha t  S  h a s  t he  fo rm T’taU’ftbGaHbtW’  where  T ’ t -T ,
U’ft=U  a n d  tW’=W ( t h i s  d e f i n e s  T ’ ,  U ’ ,  f ,  W’L
C l e a r l y  f*a, f#b, f#t a n d  s o  #(S,f)?6.
Now -Of c TaUb)  so  CPAF t faab  to  ge t  IG/>7+3+#(G,fL

Suppose #(G, fbl.  From #(S,f)r6 deduce NH, f)-2.
Now one of tf,ft is not in G - call it Z.
C P A F  abza  t o  g e t  laHbWl27+1+2+2t3115  - a contradictionr

H e n c e  w e  h a v e  #I&f)=2 a n d  jGl=12  so IHI-5.

Now let  the last  symbol of  T’  be g and suppose brrg,
-(gb c TaU) a n d  4ta c G) s o  -(gbta c TaUbGL
CPAF gbtaa to get a contradict ion,
Hence the last symbol of T’ is b.

Now -(bf  c T’tall’)  but we have 4ta c bG)  s o -(bfta c TaUbG).
CPAF bftaa to g e t 1 2  - IHbWl 1 7tltltZt2  - 1 3 ,
This last contradiction dispenses with CASE 2a.

19
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CASE 2b: IHI= .
The elimination of this case is similar to CASE 2a.

CASE 2c: lUlcl5 A IHI#S. -.
We have so far that S - TaUbGaHbW  w i t h  ITl=lUl-IHI-II+6
IGl=18,  #(G,a)-#(G,b)-1,  #(TUH,a)  - #(UHW,b)  - 0.

Suppose f i rs t  tha t  #(S,s)-5.
W i t h o u t  l o s s  o f  g e n e r a l i t y  s u p p o s e  s p recedes  t  in  G.
y(abts c TaUbGa).  Moreover  i  f  any  p, q  o r  r  p recedes  s i n  H
t h e n  C P A F  a b t s a  t o  g e t  IHbW~>7+1+1+4d3  - a  c o n t r a d i c t i o n .
Hence only t may precede s i n H.
S i m i l a r l y  o n l y  s m a y  f o l l o w  t  i n  U.
Now CPAF atasb to get  IGIIM(7)t#(G,a)t#(G,b)+#(G,s)+#(G,  t)-11.
The contradiction serves to give us #(S,shS.
H e n c e  #(S,s)-6  a n d  #(S,p)-7,  #(S,q)-#(S,r)-6.

Lett ing--.x be the dupl icated symbol in U and y the dupl icatetd
s y m b o l  i n  H ,  #(U,x)-2, #(H,y)*Z.
I f  x -y  then #(S,x)?7  so  x -p  and thus  #(G,xI-1,

One of yt,  ty kal I it 2) i s  n o t  a  s u b s e q u e n c e  o f  G .
C P A F  abk  t o  get IHbWl27+1+1+2+3m14 - c o n t r a d i c t i o n .

E l s e  i f  ytip t h e n  #(S,y)-6  ( n o t e  yera, y r b ,  ygt) a n d  #(G,y)-1
O n e  o f  y t ,  t y  kal I it Z) i s  n o t  a  subssquence  o f  G .
C P A F  abza t o  g e t  IHbW~~7+1+1+2+3-14  - c o n t r a d i c t i o n .

E l s e  xczy A y - p  s o  xzp a n d  #&x)=6.
O n e  o f  xt,tx kal I i t 2) i s not  a subsequence of  G.
C P A F  dab t o  g e t  ITaUI~7tltlt2+3=14  - c o n t r a d i c t i o n .

This trio of contradictions completely eliminates CASE 2c.

C A S E S  Za, 2b, 2c all provided contradictions as did CASE 1
so the assumption that ISI< i s  p r o v e d  i m p o s s i b l e .

c

k

Q.E.D.
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